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Abstract. We give a simple derivation of a cosmological bound on the graviton mass
for spatially flat FRW solutions in massive gravity with an FRW reference metric and
for bigravity theories. This bound comes from the requirement that the kinetic term
of the helicity zero mode of the graviton is positive definite. The bound is dependent
only on the parameters in the massive gravity potential and the Hubble expansion rate
for the two metrics.
We derive the decoupling limit of bigravity and FRW massive gravity, and use this
to give an independent derivation of the cosmological bound. We recover our previous
results that the tension between satisfying the Friedmann equation and the cosmo-
logical bound is sufficient to rule out all observationally relevant FRW solutions for
massive gravity with an FRW reference metric. In contrast, in bigravity this tension is
resolved due to different nature of the Vainshtein mechanism. We find that in bigrav-
ity theories there exists an FRW solution with late-time self-acceleration for which the
kinetic terms for the helicity-2, helicity-1 and helicity-0 are generically nonzero and
positive making this a compelling candidate for a model of cosmic acceleration.
We confirm that the generalized bound is saturated for the candidate partially
massless (bi)gravity theories but the existence of helicity-1/helicity-0 interactions im-
plies the absence of the conjectured partially massless symmetry for both massive
gravity and bigravity.
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1 Introduction
Attempts at modifying general relativity have a rich and interesting history. In recent
years, this effort has been fueled by the observation [1, 2] that the universe is currently
accelerating: deviations from GR at large scales, a weaker gravity, or gravitationally
induced self-acceleration, might account for such a dynamics. What one hopes to
gain in having an accelerated universe through modified gravity is something perhaps
less mundane and certainly more appealing than a cosmological-constant-driven ac-
celeration [3, 4]. The cosmological constant problem manifests itself in all theories of
modified gravity, in massive gravity (MG) it translates directly into the requirement
of a small mass m. It has been argued that a graviton mass can be kept small in a
technically natural way [5, 6].
The first theory formulation of massive gravity (dRGT) in which the number of
degrees of freedom nonlinearly is 5 was given in [7, 8] (see [9–17] for proofs of the ab-
sence of the Boulware-Deser ghostly 6th mode [18]), and this theory was subsequently
generalized to arbitrary reference metric [10] and to bigravity [11] where both metrics
are dynamical. In the following we shall be concerned with spatially flat FRW solutions
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in these two theories, i.e. solutions where both the dynamical and the reference metric
are homogenous and isotropic.
Finding observationally relevant cosmological solutions in these theories has re-
ceived considerable attention [19–47]. In massive gravity with a Minkowski reference
metric, it was shown that no homogeneous and isotropic spatially flat solutions arise
[48]. However, it was argued in [48] that observationally consistent inhomogenous so-
lutions should exist (see also [49–56] for different approaches). Unfortunately these
inhomogenous/anisotropic solutions have been hard to find except in special cases and
many of these special cases have been shown to be infinitely strongly coupled. One sim-
ple resolution is to look at massive gravity theories with an FRW reference metric [57]
or for bigravity theories in which FRW solutions are allowed [21, 24, 24, 25, 30, 36, 47].
It is these classes of solution that we shall be interested in for this work.
We will see that generically the FRW solutions in bigravity and massive gravity
with an FRW reference metric (FRW massive gravity) are theoretically well defined
in the sense that cosmological perturbations admit nonzero positive kinetic terms for
all 5 degrees of freedom. However, for FRW massive gravity, when we go into the
observationally relevant Vainshtein region [58–60] for which the normal Friedmann
equation is recovered, the helicity-0 mode becomes a ghost. This result follows because
these solutions begin to violate a generalization of a cosmological bound on the mass
of graviton first discovered by Higuchi [61] (see also [62–64])
This generalization of the Higuchi bound to FRW massive gravity was derived in
[57] and in this manuscript we will give two independent simpler derivations of this
result. The first derivation makes use of the minisuperspace action to look for the
instability, the second utilizes the massive (bi)gravity Λ3 decoupling limit. The result
obtained in [57] was that the Higuchi bound in massive gravity for an arbitrary FRW
reference metric f and arbitrary matter coupled to the dynamical metric g is
m˜2(H) ≥ 2H2 (1.1)
where the dressed mass m˜(H) is given by
m˜2(H) =
m2
2M2p
H
Hf
[
β1 + 2β2
H
Hf
+ β3
H2
H2f
]
, (1.2)
H is the dynamical Hubble parameter, and Hf is that of the reference metric f . The
βn’s are the parameters in the mass potential.
The problem is that it is essentially impossible to satisfy this bound in the Vain-
shtein region in which the modified gravity contributions to the Friedmann equation
are subdominant. This arises because both the Friedmann equation and the bound are
polynomials of the same order in H . On the one hand, recovery of standard cosmology
requires that the mass is small compared to a polynomial in H ; on the other hand the
bound requires that the mass is large compared to another a polynomial of the same
order in H .
In this manuscript we shall show that this tension between the Higuchi bound
and the Vainshtein mechanism is generically resolved in bigravity theories, even when
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the Planck mass for the f metric Mf is much larger than the usual Planck mass Mp.
This result is at first surprising, since the corrections to the action for the helicity-
zero mode come suppressed by the ratio Mp/Mf . The resolution, is that even these
small corrections can actually dominate the dynamics of the helicity-zero mode in the
Vainshtein region because we simultaneously have Hf/H ≫Mf/Mp.
Using the two new methods of derivation, we show that in bigravity, by giving
full dynamics to what is the fixed metric f , the bound is relaxed down to:
m˜2(H)
[
H2 +
H2fM
2
p
M2f
]
≥ 2H4 (1.3)
where the same dressed mass enters. This is equivalent to saying that in bigravity the
‘dressed mass’, i.e. the dynamical mass of the massive graviton, is given by m˜2(H)(1+
H2fM
2
p/(H
2M2f )). Just as in the massive gravity case, this bound is valid for arbitrary
matter content and for arbitrary FRW (i.e. it is not specific to de Sitter). Special cases
of these results have been discussed in FRW perturbation analyses of [25, 34]), however
by giving an independent derivation of them, we shall also elucidate the dynamics of
the helicity-0 mode in the Vainshtein region.
The above condition allows one to shift the burden of satisfying the bound onto
the value of Hubble rate for the f metric, Hf . Enriching massive gravity with the f
dynamics then proves crucial for relaxing the Higuchi bound. As expected, the massive
gravity Higuchi bound is recovered in the Mf/Mp →∞ decoupling limit. This bound
may also be expressed in a more symmetric way which makes manifest the symmetry
of the bigravity action under H ↔ Hf and βn ↔ β4−n and Mp ↔Mg:
m2
2
[
β1H
2
f + 2β2HHf + β3H
2
](H2
M2p
+
H2f
M2f
)
≥ 2H3fH3 (1.4)
An intriguing, special, case of the Higuchi bound is what characterizes the so-called
partially massless (PM) theory of massive gravity [65–78]. There the Higuchi inequality
is actually saturated for all values ofH regardless of the matter coupling to the g metric
and the Higuchi-Vainshtein tension is resolved in that massive gravity parameters βn
act in such a way that one of the two scale factors becomes pure gauge.
The special parameter values for the potentially partially massless theory were
first identified in massive gravity [74] and they are the same parameters that have also
been used in bigravity [77]. They correspond to β1 = β3 = 0, β0 =
3
2
M4p/M
2
f , β2 = M
2
p ,
β4 =
3
2
M2f . For this special case, the bound becomes:
m2M2p
(
H2
M2p
+
H2f
M2f
)
≥ 2H2fH2, (1.5)
but, using the Friedmann equation for the f metric, we have in this specific case that
H2fM
2
f =
1
2
m2M2p
(
H2f
H2
+
M2f
M2p
)
. (1.6)
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Substituting in we find that the bound becomes an identity regardless of the value of
H and Hf . This represents a nontrivial check on the consistency of the derived bound.
We shall give two independent derivations of the new bounds. The first is the
simplest and utilizes the minisuperspace action alone. We present the reasoning here
since it may be useful in similar analyses for more general theories. The idea is that
since the bound comes from requiring the absence of ghosts for the helicity-0 mode, and
the helicity-0 mode being a scalar already enters into the minisuperspace Lagrangian1,
it should be possible to identify the sign of the kinetic term for the helicity-zero mode
by analyzing the minisuperspace action alone. Performing this analysis for massive
gravity we recover our result of [57] which was obtained by a much more laborious
Hamiltonian analysis. This method easily generalizes to the bigravity case and for
generic matter couplings.
The second derivation utilizes the Λ3 decoupling limit of massive gravity and
the Λ3 decoupling limit of bigravity which we derive here in full, including the vector
degrees of freedom following the approach of [79] (see also [80]). It was not guaranteed
that this approach would agree with the exact answer since in principle it is possible
that the exact bound contains terms which vanish in the decoupling limit. However,
this is not the case. Taking the bigravity bound, and scaling m→ 0, Mp →∞ keeping
the ratios H/m, Mp/Mf , H/Hf and the parameters βˆn = βn/M
2
p fixed, we find that
the bound remains the same since it can be expressed entirely in terms of the fixed
ratios
1
2
[
βˆ1
H2f
m2
+ 2βˆ2
H
m
Hf
m
+ βˆ3
H2
m2
](
H2
m2
+
M2p
M2f
H2f
m2
)
≥ 2H
3
f
m3
H3
m3
. (1.7)
Since this is the limit used in deriving the massive gravity and bigravity Λ3 decou-
pling limit, it follows that the cosmological bound can be entirely determined by the
decoupling limit. The decoupling limit also allows us to go beyond the linearized anal-
ysis of [25] since it captures the leading nonlinear interactions that will be relevant in
cosmological perturbation theory.
Finally, our derivation of the Λ3 decoupling limit for bigravity leads to a new
surprise, a dual formulation of Galileons. In massive gravity, the ‘Galileon’ [81] arises
as the helicity-0 mode in the map between the coordinate systems of the g metric (xa)
and the f metric (Φa) [7], namely
Φa(x) = xa +
1
Λ33
ηab
∂π(x)
∂xb
(1.8)
we will prove that this transformation admits an inverse of the form
xa(Φ) = Φa +
1
Λ33
ηab
∂ρ(Φ)
∂Φb
. (1.9)
ρ(x) is the dual Galileon field which is related to π(x) by a nonlocal field redefinition.
It is the Galileon field viewed from the perspective of the f metric. The decoupling
1Minisuperspace is the truncation of a gravity theory to the case where the metric and all fields
are functions of time alone. In other words it the compactification down to 0 + 1 dimensions.
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limit of bigravity must be symmetric with respect to interchange of the two metrics,
and hence it is symmetric with respect to the interchange of ρ and π. We shall discuss
this duality in more detail elsewhere [82].
The paper is organized as follows. In Section 2 we introduce the dRGT theory of
massive gravity and determine the bound using the minisuperspace approach. In Sec-
tion 3 we generalize the stability bound to bigravity using the minisuperspace method
and find that it is much easier to satisfy than in massive gravity. In Section 4 we
derive the Λ3 decoupling limit of bigravity and by extension that of massive gravity
on a generic reference metric. In Section 5 we use the bigravity decoupling limit to
give an independent derivation of the cosmological bounds. Finally, we discuss the
conjectured partially massless gravity and bigravity in Section 6, establish that they
saturate the bound, and discuss their validity as candidate partially massless theories.
In the Appendix 7 we give the details of the bound for fluctuations around de Sitter.
2 Deriving the bound in Massive Gravity on FRW
We now give a new derivation of the cosmological bound in massive gravity with a
spatially flat FRW reference metric. This confirms the result obtained in [57] and we
present it here as a warm up to the analogous bigravity calculation in the next section.
The theory of massive gravity defined on an arbitrary reference metric fµν [10]
is just a straightforward generalization of the theory proposed in [8]. The Lagrangian
takes the form of Einstein gravity with matter plus a potential that is a scalar function
of the two metrics
L = M
2
p
2
√−g (R + 2m2U(K))+ LM . (2.1)
The most general potential U that has no ghosts [8] is built out of characteristic
(symmetric) polynomials of the eigenvalues of the tensor
Kµν (g, f) = δµν −
√
gµαfαν , (2.2)
so that
U(K) = U2 + α3 U3 + α4 U4, (2.3)
where the αn are free parameters, and
U2 = 1
2!
(
[K]2 − [K2]) , (2.4)
U3 = 1
3!
(
[K]3 − 3[K][K2] + 2[K3]) , (2.5)
U4 = 1
4!
(
[K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4]) , (2.6)
where [. . .] represents the trace of a tensor with respect to the metric gµν . The Un
are the symmetric polynomials which are generally defined in D dimensions by the
determinant relation
Det[1 + λK] =
D∑
n=0
λn Un(K) . (2.7)
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so that U0 = 1 and U1 = [K]. The Lagrangian may also be written in the form
L = 1
2
√−g
[
M2p R−m2
4∑
n=0
βn Un(X)
]
+ LM , (2.8)
where Xµν =
√
gµαfαν . The relationship between the βn coefficients and the αn is given
in Eq.(2.14). The mass term is invariant under the simultaneous interchange g ↔ f
and βn ↔ β4−n.
As we shall see in detail, the generalization of the Higuchi bound can already be
seen at the level of the minisuperspace action, in particular in the representation of
massive gravity which includes the Stu¨ckelberg fields. The Stu¨ckelberg fields for diffeo-
morphisms are introduced by replacing the reference metric fµν(x) by its representation
in an arbitrary coordinate system ΦA(x)
ds2f = fAB(Φ
C)∂µΦ
A∂νΦ
Bdxµdxν . (2.9)
The ΦA(x) are the Stu¨ckelberg fields (or Goldstone modes for the broken diffemor-
phisms) and essentially encode the additional degrees of freedom that a massive gravi-
ton has over a massless one. These additional degrees of freedom are, in the high
energy limit, decomposable into 2 helicity-1 modes and 1 helicity-0 mode. Explicitly,
writing ΦA(x) = BA(x)/(mMp) + ∂
Aπ(x)/Λ33, then B
a has the interpretation of the
helicity-1 mode in the high energy limit, and π is the additional helicity-0 mode. Since
the bound comes from identifying the sign of the kinetic term of the helicity-0 mode,
it is essentially enough to keep track of the Φ0 ∼ ∂tπ term (we may for instance choose
a gauge for which B0 = 0 to aid in this identification).
However as is well known, in massive gravity, either part or all of the kinetic term
for the helicity-0 mode actually comes from a mixing of Φ0 and the metric gµν . In
perturbations, this shows up in the fact that a scalar part of gµν couples to Φ
0 and
hence π˙. In the minisuperspace limit, the only scalar part of the metric is the scale
factor itself a(t)2. Thus we can identify the sign of the kinetic term for perturbations
around a background that identifies kinetic term for δa, the mixing between δa and
δΦ0, and any independent kinetic term for the helicity-0 which enters as δΦ0
2
. This
method is significantly simpler than our previous complete calculation [57] and leads
quite quickly to the same result.
2.1 Minisuperspace Derivation
Thus, we begin with the action for minisuperspace for the dRGT model on a given
FRW background written in an arbitrary gauge by means of the introduction of a
Stueckelberg field for the broken time diffeomorphisms. The reference metric is given
by
ds2f = −φ˙2dt2 + b(φ)2d~x2 , (2.10)
2Although the lapse N(t) is also a scalar, it is a Lagrange multiplier for a constraint and drops
out of the action if the constraint is solved.
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where φ = Φ0 is the Stu¨ckelberg field which will keep track of the helicity-0 mode kinetic
term δφ ∼ ∂tδπ. In this section, for the sake of simplicity, we will limit ourselves to
the case of a de Sitter reference metric. The more general case is dealt with in the
bigravity setup of Section 3. The dynamical metric g is similarly expressed as
ds2g = −N(t)2dt2 + a(t)2d~x2 . (2.11)
The dRGT square root combination takes now the form
√
g−1f =
(
φ˙
N
0j
0i
b(φ)
a
δij
)
, (2.12)
and we have chosen the square root with the positive sign (see [83, 84] for a discussion on
this). It follows that the minisuperspace action for spatially flat cosmological solutions
takes the form
S = V3
∫
dtNa3
[
−3M2p
(
a˙2
N2a2
)
− φ˙
N
3∑
n=0
An
(
b(φ)
a
)n
−
3∑
n=0
Bn
(
b(φ)
a
)n
− ρ(a)
]
,
(2.13)
where V3 =
∫
d3x is the volume factor and ρ(a) is the matter density.
The coefficients An and Bn are subject to the relation An(3 − n) = Bn+1(n + 1)
and in terms of the αn and βn, these coefficients are given by
B0 = m
2M2p(−6− 4α3 − α4) =
1
2
m2β0
B1 = 3m
2M2p (3 + 3α3 + α4) =
3
2
m2β1
B2 = 3m
2M2p (−1− 2α3 − α4) =
3
2
m2β2
B3 = m
2M2p(α4 + α3) =
1
2
m2β3 , (2.14)
Bn =
3m2βn
(3− n)!n! ; An =
3m2βn+1
(3− n)!n! . (2.15)
In massive gravity, we can set A3 = β4 = 0 since this term is a total derivative. In
bigravity this term enters as the cosmological constant sourcing the f metric and thus
should in general be maintained.
The Friedmann equation, which can be obtained by varying the action with re-
spect to N , is:
H2 =
1
3M2P
(ρ+ ρm.g.) , (2.16)
where the extra ‘dark energy’ contribution from the massive gravity action is
ρm.g. =
3∑
n=0
Bn
(
b(φ)
a
)n
. (2.17)
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Varying the action with respect to φ imposes, as a consequence of the special relation
between the coefficients An and Bn, the constraint(
2∑
n=0
βˆn+1
(2− n)!n!
(
b
a
)n+1)(
H
b
− Hf
a
)
= 0 , (2.18)
where
Hf =
b˙
φ˙b
=
b,φ
b
. (2.19)
At first sight there appear to be two branches of solutions to this equation. However, if
we choose the term in the first parenthesis to vanish, the kinetic term for the helicity-1
mode vanishes and all such solutions are infinitely strongly coupled. Thus the only
acceptable solution is
b
a
=
H
Hf
. (2.20)
From now on, we will work in the normal branch for which this relation is true (branch
2 in the language of [25]). This allows us to write the contribution to the Friedmann
equation in the form
ρm.g. =
3∑
n=0
Bn
(
H
Hf
)n
=
3∑
n=0
3m2βn
(3− n)!n!
(
H
Hf
)n
. (2.21)
To determine the kinetic term for the helicity zero mode we will utilize some of the
properties of the minisuperspace action. Starting from the action
S = V3
∫
dtNa3
[
−3M2p
(
a˙2
N2a2
)
− φ˙
N
3∑
n=0
An
(
b(φ)
a
)n
−
3∑
n=0
Bn
(
b(φ)
a
)n
− ρ(a)
]
,
(2.22)
we now perturb it to second order in δa, δN, δφ. As δN appears only algebraically in
the action, it can be integrated out. After these steps the action takes the form:
S(2) = V3
∫
dt
[
δφ2
(
−b
2
φ
2
3∑
n=0
Bnn(n− 1) b
n−2
an−3
+
a˙ bφ
2
3∑
n=0
An(3− n)nb
n−1
an−2
(2.23)
+
bφ
12M2paa˙
2
(
3∑
n=0
nBn
bn−1
an−3
)2
− Hfbφ
2
3∑
n=0
Bnn
bn−1
an−3

+ δφ δa˙2 (..) + δa2 (..)
]
,
where bφ = db(φ)/dφ. We see that, with the sign of the kinetic term of the helicity zero
mode in mind, we need only worry about the δφ2 coefficient (it is δφ that is carrying
the helicity zero mode, δφ ∼ δπ˙ ) in the above S(2): integrating out δN removes any
δa˙2-proportional term in the action for fluctuations so that the last two terms in (2.24)
need not be specified, i.e. we do not need to diagonalize.
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One can now make use of the following set of relations: the background equations
of motion imply bφ − a˙ = 0 and we have An(3− n) = Bn+1(n+ 1) , so that
∑
n
nBn
(
b
a
)n
=
b
a
∑
n
An(3− n)
(
b
a
)n
. (2.24)
Using these in Eq.(2.24) leads to a further simplified action, whose helicity-0 kinetic
term reads
S(2)
∣∣
kinetic
= V3
∫
dt δφ2
3
4
M2pa
3
H2
b2φ
b2
[
m˜2
(
m˜2 − 2H2) ], (2.25)
and we have defined the dressed mass parameter as
m˜2(H) =
1
3M2p
b
a
∑
n
An(3− n)
(
b
a
)n
=
m2
2M2p
H
Hf
[
β1 + 2β2
H
Hf
+ β3
H2
H2f
]
. (2.26)
Thus, the Higuchi bound, which amounts to the statement that the kinetic term for
the helicity zero mode π is positive, reads
m˜2(H)(m˜2(H)− 2H2) ≥ 0 . (2.27)
Upon neglecting the branch of solutions m˜2(H) < 0, which inevitably gives a ghost in
the vector sector, the bound translates into the more familiar statement:
m˜2(H) ≥ 2H2, (2.28)
where m˜2(H) is the dressed mass, a generalization of the bare m. This is the gener-
alization of the Higuchi bound first derived in [61]. Once more, let us stress that this
result follows regardless of the matter content and is independent of H˙. This result
is consistent with that derived in [57] by an entirely different analysis. We now have
a more clear explanation of how it arises and, as we shall see, a quicker route to its
extensions and applications.
2.2 Higuchi versus Vainshtein tension
We take now a moment to briefly reproduce the reasoning that lead in [57] to the
conclusion that FRW on FRW solutions in massive gravity are ruled out. The crucial
point is that the bound in Eq. (2.28) must be complemented with a condition on m
derived from consistency of the expansion history with observations. Departures from
the General Relativity (GR) expansion history are negligible at large redshifts and
hence large H ; thus the H dependent modifications to the normal Friedmann equation
must be small, at least for most of the history of the universe. In massive gravity,
continuity with GR is achieved through the Vainshtein mechanism and it is for this
reason that we refer to these two opposing requirements as the Higuchi-Vainshtein
tension.
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In order for the H dependent m2 contribution in the Friedmann equation (2.16)
to be subleading (Vainshtein regime) we require:
m2
2M2p
[
3β1
H
Hf
+ 3β2
H2
H2f
+ β3
H3
H3f
]
≪ 3H2 . (2.29)
This is immediately at odds with the stability (Higuchi) condition. We can see why
by combining the two inequalities into the single statement[
3
2
β1
H
Hf
+ 3β2
H2
H2f
+
3
2
β3
H3
H3f
]
≫
[
3β1
H
Hf
+ 3β2
H2
H2f
+ β3
H3
H3f
]
. (2.30)
Eq. (2.30) is essentially impossible to satisfy. If the β1 term dominates the inequality is
violated, if the β2 dominates it is saturated and if β3 dominates it is only just satisfied
since 3/2 > 1. However, this is not enough, there needs to be a large hierarchy between
the two sides otherwise there will be O(1) modifications to the Friedmann equation
[57]. Considering that the combined inequality must hold over different cosmological
epochs, one comes to the realization that there is no room in the parameter space of
FRW massive gravity for it to simultaneously satisfy the requirements of stability and
consistency with observations.
We stress that this does not rule out massive gravity as a theory of current cos-
mological expansion. There are many paths one can follow in the search for solutions
to massive gravity that, if not exactly FRW, at least resemble FRW in appropriate
regions, see e.g. [48]. We choose here to instead demand exactly FRW solutions and
move on to give full dynamics to the reference metric f , thus entering into the realm
of bigravity theories.
3 Generalizing the Bound to Bigravity
The action for bigravity models which are free from the Boulware-Deser ghost is a
simple extension of that for massive gravity [11]
S =
∫
d4x
1
2
[
M2p
√−g R[g] +M2f
√
−f R[f ]−m2
4∑
n=0
βn Un(X)
]
+ LM . (3.1)
It is straightforward to generalize the previous argument to the case of bigravity. We
denote the now dynamical second metric f as
ds2f = −N˜2dt2 + b2d~x2. (3.2)
The minisuperspace action is now
S = V3
∫
dta3
[
−3M2p
(
a˙2
Na2
)
− N˜
3∑
n=0
An
(
b
a
)n
−N
3∑
n=0
Bn
(
b
a
)n
−Nρ(a)
+ V3
∫
dtb3 −N˜ ρ˜(b)− 3M2f
(
b˙2
N˜b2
)]
(3.3)
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The Friedmann equation for the scale factor a, which we assume to correspond to the
metric with which our matter is coupled, is given by
H2 =
1
3M2p
(ρ(a) + ρbigravity) , (3.4)
where
ρbigravity =
3∑
n=0
Bn
(
b
a
)n
. (3.5)
In the following we will assume that the only matter sourcing the second metric is a
cosmological constant and, as such, ρ˜(b) can be absorbed into a definition of A3. In
this case the Friedmann equation for the second metric is simply
H2f =
1
3M2f
[
3∑
n=0
An
(
b
a
)(n−3) ]
(3.6)
For convenience let us denote
A(χ) =
3∑
n=0
An
(
b
a
)n
=
3∑
n=0
Ane
nχ , B(χ) =
3∑
n=0
Bn
(
b
a
)n
=
3∑
n=0
Bne
nχ , (3.7)
where we have utilized the following change of variables b/a = eχ. Let us also employ
a simple yet generic matter Lagrangian coupled only with the g metric:
LM = −1
2
gµν∂µφ∂νφ− V (φ) , (3.8)
so that we add to the minisuperspace action the term
SM = V3
∫
dtNa3
(
1
2
φ˙2 − V (φ)
)
. (3.9)
We shall see that all details of the precise nature of the matter Lagrangian will drop
out of the final answer. We now pass to the canonical phase space formulation by
defining the canonically conjugate momenta
pa = −6M2p
a˙
N
a , pφ = a
3 φ˙
N
, pb = −6M2f
b˙
N˜
b . (3.10)
As a consequence, the canonical action can be written as
S = V3
∫
dt
[
paa˙+pbb˙+pφφ˙−N
(
−1
2
p2a
6M2pa
+ a3B + p
2
φ
2a3
+ a3V
)
−N˜
(
−1
2
p2b
6M2f b
+ a3A
)]
.
(3.11)
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Varying with respect to N˜ and N imposes the analogues of the Hamiltonian constraints
which can be solved to remove pb (we will choose the negative solution corresponding
to an expanding geometry)
pa = −
√
12a2Mp
√
B + p
2
φ
2a6
+ V , pb = −
√
12Mf
√
bAa3, (3.12)
and, using b = a eχ, we obtain
S = V3
∫
dt
[
pφφ˙−
√
12a2Mpa˙
√
B + p
2
φ
2a6
+ V −
√
12a2(a˙+ χ˙a)Mf
√
e3χA
]
, (3.13)
or, after solving for pφ and integrating out,
S = V3
∫
dt
[
−
√
12a2Mpa˙
√B + V
√
1− a
2φ˙2
6M2p
−
√
12a2Mf
√
e3χA(a˙ + χ˙a)
]
. (3.14)
As it stands, this action is time reparametrization invariant, and we may utilize this
fact to choose the gauge a = t, so that
S = V3
∫
dt
[
−
√
12t2Mp
√B + V
√
1− t
2φ˙2
6M2p
−
√
12t2(1 + χ˙t)Mf
√
e3χA
]
. (3.15)
We may now perturb this action, φ → φ + δφ and χ → χ + δχ, to second order so
as to obtain the quadratic action for perturbations around a given background. We
also note that the contribution from fluctuations of the potential V (φ) will at most
contribute a mixing term ∼ φχ = φ π˙; it does not therefore add up to the kinetic term
whose sign we are after and can thus be ignored in what follows3.
Up to an unimportant positive overall factor, the quadratic fluctuation action
reads:
S(2) ∝ V3
∫
dt m˜2
(
H20
4
M2pm˜
2
H5M2f
− 1
2H
+
m˜2
4H3(1− g2)
)
δχ2 + g
m˜2
H(1− g2) δχδg +
H
1− g2 δg
2
(3.16)
where we have defined the dimensionless variable g out of φ˙ as g2 ≡ t2φ˙2/6M2p . We
have also employed Eq. (2.16) and (2.19) to simplify the coefficients: this provides a
more compact expression and is of course allowed as coefficients are purely background
quantities.
Since δχ carries the information on π, the helicity zero mode, δχ ∝ δπ˙, we proceed
to diagonalize the above expression so as to read off the π˙2 coefficient. If we posit
δg = δg˜ − g m˜
2
2H2
δχ, (3.17)
3Note that the variable φ here is the scalar in the matter Lagrangian, not to be confused with the
Stueckelberg field φ in the massive gravity analysis of the previous section
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in the new variables the mixing term vanishes and, requiring the δχ2 coefficient be
positive, amounts to:
m˜2
(
H2 +
M2pH
2
f
M2f
)
− 2H4 ≥ 0 , (3.18)
that is, the generalized Higuchi bound.
We stress again that simple algebraic manipulations coupled with the properties
of the An, Bn (or, equivalently, the βn) coefficients allow Eq. (3.18) to be expressed in
its most symmetric and pleasing form, Eq.(1.4), which we reproduce here:
m2
2
[
β1H
2
f + 2β2HHf + β3H
2
](H2
M2p
+
H2f
M2f
)
≥ 2H3fH3 . (3.19)
Let us reiterate that this bound was derived for fairly generic matter content, but
matter itself enters into the final expression only indirectly through H . Thus the
bound is entirely one on the Hubble rate, regardless of the matter content of the
universe, and may thus be universally applied at all cosmological epochs.
3.1 Higuchi versus Vainshtein Resolution
As stressed in [57], one should not simply declare cosmological solutions viable by
merely looking for regions of the parameter space where Eq. (3.19) is satisfied. Rather,
we ought to perform a joint analysis of the stability condition and the requirement
stemming from observations that, for most of the history of the universe, the Fried-
mann equation is well approximated by its GR prediction. In essence this requires us to
be in the Vainshtein regime for which the cosmological effects of the helicity-0 mode are
negligible and are suppressed by powers of m. Unfortunately these two requirements
oppose each other, thereby creating the Higuchi-vs-Vainshtein tension that effectively
rules out the viability of spatially flat FRW solutions in FRW massive gravity.
Let us see how bigravity resolves the Higuchi-Vainshtein tension; the ingredients
are the generalized bound and the Friedmann equations, which we report below:
H2 =
1
3M2p
[
ρ(a) +
3∑
n=0
3m2βn
(3− n)!n!
(
H
Hf
)n ]
; H2f =
1
3M2f
[
3∑
n=0
3βn+1
(3− n)!n!
(
H
Hf
)(n−3) ]
.
(3.20)
Now, the inequality in Eq. (3.18) is certainly satisfied, without requiring much on the
part of m˜, if we posit Hf ≫ H . In particular if we assume that β1 is nonzero, as is
generically the case, then the second relation in (3.20) and the m˜ definition (see 2.26)
are, at leading order in H/Hf , respectively:
3M2f H
2
f ∼ m2
β1
2
H3f
H3
; m˜2 ∼ m2 β1
2M2p
H
Hf
. (3.21)
– 13 –
From here, we take the ratio of the two expressions, solve for Hf and plug it back into
Eq. (3.18), to obtain:
Hf ∼
√
3
MfH
2
Mp m˜
; Stability bound
∣∣∣
Hf≫H
: 3H4 & 2H4 , (3.22)
which is, evidently, consistent with the initial assumption.
As for the first Friedmann equation in (3.20), we see that, by itself, it does not
put too much strain on m˜. The fact is that the dressed mass is actually allowed to be
small because precisely the lower bound on m˜ that in the massive gravity case comes
from the stability condition, is now taken care of by our being in the Hf ≫ H region.
We have thus shown that there exists a large region in the parameter space of
the bigravity theory, H ≪ Hf , which does relax the stability bound in a way which is
consistent with observations. The stability-vs-observation conflict is therefore resolved.
This resolution requires that in the cosmological bound, the term H2f/M
2
f dominates
over H2/M2p . It is clear that in the FRW massive gravity limit, this could never be
satisfied since that limit requires us to take Mf → ∞ for finite Mp and finite Hf and
so inevitably the former is subdominant to the latter. Thus it is precisely the naively
Mf suppressed bigravity interactions, which are crucial in resolving the conflict.
3.2 Ghost-free Self-Accelerating Cosmology
Having established the regime we should be in to satisfy the bound, we can infer the
effective Friedmann equation by solving
3M2f H
2
f ∼ m2
β1
2
H3f
H3
(3.23)
to give
Hf ∼ 6M
2
f H
3
m2β1
(3.24)
and then substituting back into the H Friedmann equation to give
H2 ∼ 1
3M2p
[
ρ(a) +
3m2β1
2
(
H
Hf
)]
=
1
3M2p
[
ρ(a) +
m4β21
4M2f
(
1
H2
)]
. (3.25)
This gives a self-accelerating cosmology in which asymptotically in the future the
Hubble parameter tends to a constant de Sitter value of magnitude
H∞ =
1
121/4
m
β
1/2
1√
MpMf
. (3.26)
Thus we see that quite in general the condition Hf/H & Mf/Mp, which is implicitly
assumed in having β1 dominate, is essentially satisfied even in the asymptotics
4:
Hf
H
∼ 6M
2
f H
2
m2β1
∼ 6Mf√
12Mp
(3.27)
4Note that in the asymptotics it is acceptable to have Hf/H ∼Mf/Mp, this is because, even if it
implies via (3.18) that m˜2 ∼ H2, the latter is not an issue since at late times we desire order unity
departures from GR to account for cosmic acceleration.
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Also note that, since H/Hf scales as 1/H
2, it becomes easier and easier to satisfy the
condition as we go back in time.
To make this discussion more precise, we can specify to the model with β3 = 0,
β2 = 0 and β1 = 2M
2
p (α3 = −1, α4 = 1) . In this case the H Friedmann equation is
exactly
H2 =
1
3M2p
[
ρ(a) +
m4M4p
M2f
(
1
H2
)]
, (3.28)
and the stability constraint is exactly
m2β1
2
(
1
M2p
+
36M4f
M2f m
4β21
H4
)
≥ 12M
2
f H
4
m2β1
, (3.29)
which is easily seen to be always satisfied since it simplifies to the trivially satisfied
relation (
1
M2p
+
12M2f
m4β21
H4
)
≥ 0 . (3.30)
Thus we automatically generate a ghost-free late-time self-accelerating cosmology whose
Friedmann equation may be put in the form
H2 =
1
6M2p
(
ρ(a) +
√
ρ(a)2 +
12m4M6p
M2f
)
, (3.31)
and asymptotes to de Sitter with
H∞ =
1
31/4
m
√
Mp
Mf
. (3.32)
This represents one subset of the parameter space for which the bound is satisfied at
all times. This specific solution, as well as similar ones with β3, β3 6= 0, have been
studied in [85, 86]. There the authors employ statistical methods to asses the viability
of bigravity solutions as compared to that of the standard ΛCDM cosmology. Quite
interestingly, the β1 6= 0 = β2,3 solution discussed, which we have shown to satisfy the
stability bound, is on par with ΛCDM in their analysis.
4 Λ3 Decoupling Limit of Bigravity
We shall now derive the complete Λ3 decoupling limit for bigravity including vector
degrees of freedom. This decoupling limit will allow us to give an independent deriva-
tion of the generalized Higuchi bound in bigravity, and also allow us to determine the
stability of the vectors. Just as in the massive gravity Λ3 decoupling limit, the bigrav-
ity decoupling limit focuses on the interactions at the lowest energy scale, those of the
helicity-zero mode.
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4.1 Vierbein formulation
Our derivation will utilize the vierbein formalism [87, 88] (see also [89, 90]) and will
follow closely the notation of [79]. The starting point is to introduce Stu¨ckelberg
fields for the broken Lorentz invariance and diffeomorphism (diff) invariance. Just as
adding a mass term to gravity breaks diffeomorphism invariance, adding a mass term
to bigravity breaks two independent copies of the diffeomorphism group down to the
single diagonal subgroup. In the Einstein-Cartan (vierbein) formalism, it similarly
breaks two copies of local Lorentz transformations (LLTs) down to a single copy. It
is helpful to reintroduce these symmetries, and this can be easily achieved using the
Stu¨ckelberg trick.
Beginning in unitary gauge, the action for bigravity
Sbigravity =
∫
d4x
1
2
[
M2p
√−g R[g] +M2f
√
−f R[f ]−m2
4∑
n=0
βn Un(X)
]
+ LM , (4.1)
can be expressed in vierbein form as
Sbigravity =
M2p
2
εabcd
∫
1
2
Ea ∧ Eb ∧ Rcd[E] + M
2
f
2
εabcd
∫
1
2
F a ∧ F b ∧ Rcd[f ]
− m
2
2
εabcd
∫ [
β0
4!
Ea ∧ Eb ∧ Ec ∧ Ed + β1
3!
F a ∧ Eb ∧ Ec ∧ Ed
]
− m
2
2
εabcd
∫ [
β2
2!2!
F a ∧ F b ∧ Ec ∧ Ed + β3
3!
F a ∧ F b ∧ F c ∧ Ed
]
. (4.2)
Here F a is the f metric vierbein fµν = F
a
µF
a
ν ηab and E
a is the g metric vierbein
gµν = E
a
µE
a
νηab. We now introduce Stu¨ckelberg fields Φ
a for diffs and Λab for LLTs, so
that ΛηΛT = η (see [79] for more details) and the bigravity action becomes
Sbigravity =
M2p
2
εabcd
∫
1
2
Ea ∧ Eb ∧ Rcd[E] + M
2
f
2
εabcd
∫
1
2
F a ∧ F b ∧ Rcd[f ]
− m
2
2
εabcd
∫ [
β0
4!
Ea ∧ Eb ∧ Ec ∧ Ed + β1
3!
F˜ a ∧ Eb ∧ Ec ∧ Ed
]
− m
2
2
εabcd
∫ [
β2
2!2!
F˜ a ∧ F˜ b ∧ Ec ∧ Ed + β3
3!
F˜ a ∧ F˜ b ∧ F˜ c ∧ Ed
]
, (4.3)
where
F˜ aµ = Λ
a
bF
a
A(Φ) ∂µΦ
A . (4.4)
We have apparently broken the symmetry between the two vierbeins/metrics in intro-
ducing Stu¨ckelberg fields explicitly in one of the vierbeins only. However, since the
bigravity action preserves a diagonal copy of diffs and LLTs, we may use this freedom
to switch this dependence between the two vierbeins/metrics.
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Following [79] we now define
Eaµ = δ
a
µ +
1
2Mp
haµ , F
a
µ = δ
a
µ +
1
2Mf
vaµ
Λab = e
ωˆab = δab + ωˆ
a
b +
1
2
ωˆacωˆ
c
b + · · ·
ωˆab =
ωab
mMp
∂µΦ
a = ∂µ
(
xa +
Ba
mMp
+
∂aπ
Λ33
)
(4.5)
and perform the scaling or decoupling limit,
Mp →∞ , Mf →∞ , m→ 0 (4.6)
while keeping
Λ3 = (m
2Mp)
1
3 → constant and Mp/Mf constant . (4.7)
In addition, the scaling is done such that the βˆn are kept constant where βn = M
2
p βˆn.
The resulting action in the Λ3 decoupling limit can be split into two contributions
lim
Mp→∞ ,Λ3 constant
Sbigravity = Shelicity−2/0 + Shelicity−1/0 (4.8)
where Shelicity−1/0 contains only interactions between the helicity-1 and helicity-0 de-
grees of freedom [79]5:
Shelicity−1/0 = − βˆ1
4
δµνρσabcd
(
1
2
Gaµω
b
νδ
c
ρδ
d
σ + (δ +Π)
a
µ[δ
b
νω
c
ρω
d
σ +
1
2
δbνδ
c
ρω
d
αω
α
σ]
)
− βˆ2
8
δµνρσabcd
(
2Gaµ(δ +Π)
b
νω
c
ρδ
d
σ + (δ +Π)
a
µ(δ +Π)
b
ν [ω
c
ρω
d
σ + δ
d
σω
c
αω
α
ρ]
)
− βˆ3
24
δµνρσabcd
(
(δ +Π)aµ(δ +Π)
b
ν(δ +Π)
c
ρω
d
αω
α
σ + 3ω
a
µG
b
ν(δ +Π)
c
ρ(δ +Π)
d
σ
)
,
where
ωab =
∫
∞
0
du e−2ue−uΠa
a′
Ga′b′e
−uΠb
′
b (4.9)
=
∑
n,m
(n+m)!
21+n+mn!m!
(−1)n+m (ΠnGΠm )ab ,
is the solution of
Gab = ∂aBb − ∂bBa = ωac(δ +Π)cb + (δ +Π)acωcb , (4.10)
5As in [79] we take the standard definitions of the Kronecker deltas: δµνρσabcd = ε
µνρσεabcd. More
generally we have δµνρabc =
1
1!
εµνρdεabcd and δ
µν
ab =
1
2!
εµνcdεabcd.
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Πab is defined as
Πab =
∂a∂bπ
Λ33
. (4.11)
Similarly Shelicity−2/0 contains the interactions of the helicity-2 and helicity-0 modes
and is given by
Shelicity−2/0 =
∫
d4x
[
−1
4
hµν Eˆαβµν hαβ −
1
4
vµν Eˆαβµν vαβ
+
Λ33
2
hµν(x)Xµν +
MpΛ
3
3
2Mf
vµA[x
a + Λ−33 ∂
aπ](ηAν +Π
A
ν )Y
µν
]
, (4.12)
where Eˆαβµν is the Lichnerowicz operator defined on a background Minkowski space-time
with the convention (Eˆh)µν = −12
(
hµν − ∂α∂µhαν − ∂α∂νhαµ + ∂µ∂νh− ηµν(h− ∂a∂bhab)
)
.
The tensors Xµν and Y µν are defined by
Xµν = −1
2
4∑
n=0
βˆn
(3− n)!n!ε
µ...εν...(η +Π)nη3−n , (4.13)
and
Y µν = −1
2
4∑
n=0
βˆn
(4− n)!(n− 1)!ε
µ...εν...(η +Π)(n−1)η4−n , (4.14)
where we have used a short hand notation in which the indices of (η + Π) and η are
contracted between the pairs of Levi-Civita symbols ε in order.
In this representation the dependence of the action on vµν is nontrivial due to π
dependence in vµA[x
a + Λ−33 ∂
aπ](ηAν + Π
A
ν ) term. We can however undo this with a
coordinate transformation in the last term to write an equivalent representation:
Shelicity−2/0 =
∫
d4x
[
−1
4
hµν Eˆαβµν hαβ −
1
4
vµν Eˆαβµν vαβ
+
Λ33
2
hµν(x)Xµν +
MpΛ
3
3
2Mf
vµν(x
a)Y˜ µν
]
, (4.15)
where
Y˜ µν = −1
2
4∑
n=0
βˆn
(4− n)!(n− 1)!ε
µ...εν...η(n−1)(∂Z)4−n , (4.16)
and where (∂Z)aν = ∂µZ
a(x) and the function Za(x) is defined via the implicit relation
Za(xb + Λ−33 ∂
bπ(x)) = xa . (4.17)
The fact that we have performed the coordinate transformation in only the last term
might seem strange, however it is allowed because the integration variable is a dummy
variable. Essentially we are using the four dimensional version of the identities∫
∞
−∞
dx (f(x) + h(x)) =
∫
∞
−∞
dxf(x) +
∫
∞
−∞
dxh(x) =
∫
∞
−∞
dxf(x) +
∫
∞
−∞
dZ h(Z)
=
∫
∞
−∞
dx
(
f(x) +
dZ(x)
dx
h(Z(x))
)
. (4.18)
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where Z(x) is a monotonic function satisfying Z(±∞) = ±∞.
To elucidate the meaning of this remember that the diff Stu¨ckelberg fields are
defined in the decoupling limit as Φa(x) = xa + Λ−33 ∂
bπ(x), thus the relation (4.17) is
Za(Φb(x)) = xa , (4.19)
in other words the function Za is the inverse function, i.e. inverse coordinate transfor-
mation to Φa. The function Φa provides a map from the coordinates of the metric g
to the metric f , so the function Za gives the inverse map.
An important property of this function is that it satisfies ∂aZb = ∂bZa. To prove
this, differentiate equation (4.17), to give6
[∂cZa](x+ Λ−33 ∂π(x))
[
ηbc + Λ
−3
3 ∂b∂cπ
]
= ηab . (4.20)
Inverting gives, in matrix notation,
[∂Z](x+ Λ−33 ∂π(x)) = [η +Π]
−1 (4.21)
and, since ΠT = Π, we have [∂Z]T = [∂Z] which is the desired relation.
Given this relation, we have the identity that
∂µY˜
µν = 0 . (4.22)
which is necessary to preserve linear diff invariance vµν → vµν+∂µξν+∂νξν. This follows
because of the antisymmetry properties of the ε tensors, every time two derivatives act
on Z, the antisymmetry forces this term to zero since we can use the ∂aZb − ∂bZa = 0
property to ensure that the two derivatives are contracted with the same ε tensor.
Since Za contains only one scalar degree of freedom π(x), and since ∂aZb−∂bZa =
0, it must be possible to express it as
Za(x) = xa +
1
Λ33
∂aρ(x) . (4.23)
In other words, associated with π(x) is a conjugate or dual variable ρ(x) which is
related by a nonlocal field redefinition. We can determine this function by iterating
the equation (4.17). To order 1/Λ63 the map is given by
ρ(x) = −π(x) + 1
2Λ33
(∂bπ(x))
2 − 1
2Λ63
∂aπ(x)∂bπ(x)∂a∂bπ(x) + . . . . (4.24)
6To be clear on notation since we will utilize this trick several times, [∂aA](f
b(x)) indi-
cates the partial derivative evaluated at the point f b(x) to be distinguished from ∂a(A(f(x)) =
(∂af
b(x))[∂bA](f(x)) which is the partial derivative with respect to x
a of the function evaluated at
f b(x).
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This redefinition is nonlocal because there are an infinite number of terms. This non
locality is actually crucial to evading the Ostrogradski theorem7. Thus we should think
of ρ(x) as the helicity-0 mode defined from the perspective of the f metric just as π(x)
is the helicity-0 mode from the perspective of the g metric. We may use either variable
as the fundamental degree of freedom, but the map between the two, which is the map
between the two metrics, is nonlocal. One may worry that the resulting equations of
motion are nonlocal, but this is not the case [82].
The interactions of the second metric f to the helicity-zero mode are most natu-
rally expressed in terms of identical interactions to g but with π(x) replaced by ρ(x).
Y˜ µν = −1
2
4∑
n=0
βˆn
(4− n)!(n− 1)!ε
µ...εν...η(n−1) (η + Σ)4−n . (4.25)
where Σµν = ∂µ∂νρ/Λ
3
3.
4.2 Dual Vainshtein effect
In this representation (4.15) we see that the Λ3 decoupling limit is invariant under the
interchange of π ↔ ρ, Π↔ Σ, βn ↔ β4−n, vµν ↔ hµν , Mp ↔Mf . This duality is rem-
iniscent of electric-magnetic (Heaviside) duality. Under this interchange gravitational
charges coupled to f are replaced by gravitational charges coupled to g and vice versa,
analogous to the interchange of charges and monopoles. Electric-magnetic duality is
also a nonlocal map when written in terms of the gauge potentials despite the fact
that it maps two local theories [92]. There is also an interesting variant on the idea of
strong/weak coupling duality g ↔ 1/g [93]. To see this we can write equation (4.20)
in the form
[η +Π(x)] =
1
[η + Σ(Φ)]
or [η + Σ(Φ)] =
1
[η +Π(x)]
(4.26)
Deep inside the usual Vainshtein region we have Π(x) ≫ 1. In the normal Vainshtein
effect the kinetic term for the fluctuations of π are then renormalized in such a way
that the fluctuations become weakly coupled to sources, which is how the Vainshtein
mechanism [58] resolves the vDVZ discontinuity [94]. In terms of the dual Galileon field
this maps onto a region for which Σ ∼ −η. This is at the border of the weak/strong
coupling region in terms of the dual Galileon for sources minimally coupled to ρ. Thus
while this is not exactly a weak/strong coupling duality, it does relate two appar-
ently very different regions of the theory. We shall discuss this duality in more detail
elsewhere [82].
7A field redefinition that includes a finite number of higher time derivatives will always introduce
higher time derivatives into the action and hence a ghost by virtue of the Ostrogradski theorem (see
[91] for a recent discussion). The only way to evade the ghost is if there are an infinite number of
terms, i.e. if the transformation is nonlocal. In this case the Ostrogradski analysis does not apply. If it
can be shown that the equations of motion are second order after the field redefinition, and if the field
redefinition is invertible, then there cannot be a ghost present. In the present case the absence of any
Ostrogradski type ghost is an automatic consequence of its derivation from the ghost-free bigravity
models. We shall make this explicit in [82].
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This last point brings us to one of the main physical conclusions of this work. We
have seen that resolving the Higuchi-Vainshtein tension in bigravity has forced us to
consider the regime H/Hf = b/a ≪ Mp/Mf , a region that does not exist in massive
gravity. Since we usually have in mind that Mf > Mp this implies b/a ≪ 1. As we
shall see in Section 5, the profile of the Galileon for cosmological solutions is of the
form
π =
Λ33
2
(
b
a
− 1
)
xµxµ (4.27)
which is equivalent to
[1 + Π]µν =
b
a
ηµν . (4.28)
Thus in the region H/Hf = b/a ≪ 1 where we recover continuity with GR in the
Friedmann equation, we have precisely Π ∼ −η. According to the above duality this
corresponds to Σ ≫ η. Thus it is the dual Galileon ρ and not the usual Galileon π
which exhibits the large kinetic term (wavefunction) renormalization characteristic of
the Vainshtein effect. We can thus call the region where Σ ≫ η the dual Vainshtein
region which is conjugate to usual Vainshtein region Π≫ η [82].
Whether we are in the Vainshtein region or the dual Vainshtein region depends
essentially on which of the two metrics dominates the mass eigenstates. In the usual
massive gravity limit, it is always the g metric which is massive, and so the Vainshtein
effect is always dominated by π. However, in the bigravity case, around a dynamical
background, the mass eigenstates can change with time. In the present case, even
though Mf ≫ Mp, the fact that HMf ≪ HfMp is enough to ensure that it is the f
metric and not the g metric which is mostly build out of the massive graviton eigenstate.
This can be seen from the Appendix 7 where we have F3 ≫ F1 in this region. It is
for this reason that it is the dual field ρ which governs the Vainshtein effect here.
The Higuchi-Vainshtein conflict is resolved because at early times, matter which is
minimally coupled to g (which has been our assumption throughout), is mostly coupled
to the massless eigenstate, and hence we recover a GR-like Friedmann equation at early
times. It is only at late-times, when the ‘dark energy’ component of the Friedmann
equation comes to dominate, that the matter begins to couple equally to the massless
and the massive graviton. This means that in resolving the Higuchi-Vainshtein tension,
we have made it that for most of the history of the universe the force of gravity was
propagated principally by the massless graviton. Only at late times does the massive
graviton take over. It is thus no surprise that this resolution could not be seen using
massive gravity alone.
4.3 Decoupling Limit of Massive Gravity for Arbitrary Reference Metrics
The bigravity Λ3 decoupling limit can also be used as a tool to derive the massive
gravity decoupling limit for non-Minkowski reference metrics. The only explicit cases
that have been studied are in (anti-) de Sitter [74], (see also [14] related discussion).
The results of [74] show that accounting for a de Sitter reference metric simply adds
new Galileon type interaction for the helicity-0 mode in the decoupling limit. This is
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consistent with the general result which we now derive. The only place the f metric
comes in is in the helicity-2/helicity-0 interactions
Shelicity−2/0 =
∫
d4x
[
−1
4
hµν Eˆαβµν hαβ −
1
4
vµν Eˆαβµν vαβ
+
Λ33
2
hµν(x)X
µν +
MpΛ
3
3
2Mf
vµA[x
a + Λ−33 ∂
aπ](ηAν +Π
A
ν )Y
µν
]
. (4.29)
To obtain the massive gravity decoupling limit, one can add an external source for
vµν that generates a background for v¯µν and then take the limit Mf → ∞, keeping
Uµν(x) = Mp v¯µν(x)/Mf fixed. In the limit Mf/Mp → ∞, the fluctuations of vµν
decouple and so we obtain the Λ3 decoupling limit
Shelicity−2/0 =
∫
d4x
[
−1
4
hµν Eˆαβµν hαβ
+
Λ33
2
hµν(x)Xµν +
Λ33
2
UµA[x
a + Λ−33 ∂
aπ](ηAν +Π
A
ν )Y
µν
]
, (4.30)
for massive gravity on a reference metric which is expressed in a locally inertial frame
as fµν(x) = ηµν + Uµν(x)/Mp. It might seem a restriction that the decoupling limit is
only valid for reference metrics which are perturbatively close to Minkowski. However,
this is a necessary condition since we must scale the curvature as R[f ] ∼ m2 ∼ 1/Mp in
taking the limit. In other words, the curvature radius tends to infinity in the limit. We
can still use this to describe a portion of any space-time by going into a locally inertial
frame for the f metric, where locally, well inside the curvature radius, any space-time
may be well described by Minkowski plus small perturbations.
To give a concrete example, consider the case where the reference metric is de
Sitter. De Sitter spacetime with Hubble constant Hf can be expressed in a locally
inertial frame as
fµν(x) = ηµνH
2
f xµxν +O(x4) . (4.31)
In the decoupling limit we send Hf ∼ m → 0 so that the Hubble horizon tends
to infinity. Nevertheless, Hf still makes nonzero corrections to the decoupling limit
Lagrangian due to the fact that we are simultaneously sending Mp →∞.
Explicitly, these are
Sde Sitterhelicity−2/0 =
∫
d4x
[
−1
4
hµν Eˆαβµν hαβ +
Λ33
2
hµν(x)Xµν
+
Λ33
2
MpH
2
f (xµ + Λ
−3
3 ∂µπ)(xA + Λ
−3
3 ∂Aπ)(η
A
ν +Π
A
ν )Y
µν
]
. (4.32)
Although not immediately apparent, one can show that the new H2f terms are all
equivalent to Galileon interactions, as derived by a different method in [74]. To see
this, define πˆ = π/Λ33 + x
2/2 so that ∂µπˆ = xµ + Λ
−3
3 ∂µπ and ∂∂πˆ = η + Π. Then we
have:
Sde Sitterhelicity−2/0 =
∫
d4x
[
−1
4
hµν Eˆαβµν hαβ +
Λ33
2
hµν(x)Xµν +
Λ33
2
MpH
2
f ∂µπˆ∂AπˆΠ
A
ν Y
µν
]
.
(4.33)
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Integrating by parts using ∂AπˆΠ
A
ν =
1
2
∂ν((∂Aπˆ)
2) and using the fact that Y µν is con-
served, we have:
Sde Sitterhelicity−2/0 =
∫
d4x
[
−1
4
hµν Eˆαβµν hαβ +
Λ33
2
hµν(x)Xµν − Λ
3
3
4
MpH
2
f (∂Aπˆ)
2ΠµνY
µν
]
,
(4.34)
which, given the definition of Y µν , is the same as:
Sde Sitterhelicity−2/0 =
∫
d4x
[
−1
4
hµν Eˆαβµν hαβ +
Λ33
2
hµν(x)Xµν (4.35)
+
Λ33
8
MpH
2
f
4∑
n=0
βˆn
(4− n)!n! (∂Aπˆ)
2εε
(
(η +Π)nη4−n − (η +Π)n−1η5−n)
]
.
These extra terms are manifestly Galileon interactions build out of πˆ since η+Π = ∂∂πˆ.
However, as is well known, performing the shift πˆ = π/Λ33 + x
2/2 and integrating by
parts just modifies the coefficients of the different Galileon operators and, on so doing,
we obtain the representation of [74]. Finally we note that the anti-de Sitter case is
covered by replacing H2f with −1/l2 where l is the AdS curvature length scale.
5 Bigravity Decoupling Limit Derivation of Stability Bound
We will now use the bigravity Λ3 decoupling limit to give an independent derivation
of the generalized Higuchi bound. For simplicity, let us begin by concentrating on
the case when both metrics are de Sitter. As we have seen, since the precise form of
matter and H˙ drop out of the bound, it is sufficient to look at this case. This case is of
course easy to perform exactly as we do in the Appendix 7, however we follow through
the decoupling limit steps here since it better elucidates the physics of the Vainshtein
mechanism, and how to go beyond de Sitter and linear perturbations. We will explain
below how this is generalized to the case where both metrics are FRW. This analysis
will also enable us to look at the potential existence of other branches of solutions and
the vector perturbations.
5.1 de Sitter on de Sitter
To begin with let us focus on the case where both metrics are de Sitter. In the Λ3
decoupling limit this is described by background solutions for the metric perturbations
of the form
h¯µν = MpH
2 xµxν , (5.1)
and
v¯µν =MfH
2
f xµxν . (5.2)
The related background solution for π written in a way to make easy contact with our
previous results
π¯ =
Λ33
2
xµxµ
(
b
a
− 1
)
, (5.3)
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so that
η + Π¯ =
b
a
η. (5.4)
The related background for the vector fields is zero B¯µ = 0.
In this section we will work in the representation
Shelicity−2/0 =
∫
d4x
[
−1
4
hµν Eˆαβµν hαβ −
1
4
vµν Eˆαβµν vαβ
+
Λ33
2
hµν(x)Xµν +
MpΛ
3
3
2Mf
vµν(x)Y˜
µν
]
, (5.5)
for which the helicity-0 interactions are simple, and the only nontrivial part of the
action is the term with vµA[x
a + Λ−33 ∂
aπ].
The equations of motion that follow from this action are, for the helicity-2 modes,
Eˆαβµν hαβ = Λ33Xab . (5.6)
Eˆαβµν vαβ = Λ33Y˜ab . (5.7)
For the helicity-0 mode it requires a little more work. We will vary both π and ρ and
use the basic connection δρ(x + ∂π/Λ33) = −δπ(x) to obtain a single equation. To
prove this relation, starting with Za(Φb) = xa we have on varying
[∂aδρ](Φ) + [∂bZ
a]∂bδπ(x) = 0 . (5.8)
which can be rewritten as
[η +Π]ab [∂
bδρ](Φ) + ∂aδπ(x) = 0 . (5.9)
using Eq. (4.21). This is equivalent to
∂a (δρ(Φ) + δπ(x)) = 0 , (5.10)
which gives us our desired result.
The formal steps in the derivation of the equations of motion for the helicity-0
mode are as follows: We vary the action as
δShelicity−2/0 =
∫
d4x
[
Λ33
2
hµν(x)
δXµν
δπ
(x)δπ(x) +
MpΛ
3
3
2Mf
vµν(x)
δY˜ µν
δρ
(x)δρ(x)
]
.
(5.11)
We then change the dummy integration variables in the second part of the integral
from x→ x+ ∂π/Λ33, which gives a Jacobian factor of |Det[η +Π]| so that
δShelicity−2/0 =
∫
d4x
[
Λ33
2
hµν(x)
δXµν
δπ
(x)δπ(x) (5.12)
+ |Det[η +Π]|MpΛ
3
3
2Mf
vµν(x+ ∂π/Λ33)
δY˜ µν
δρ
(x+ ∂π/Λ33)δρ(x+ ∂π/Λ
3
3)
]
.
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Finally we use the fact that δρ(x+ ∂π/Λ33) = −δπ(x) to write this as
δShelicity−2/0 =
∫
d4x
[
Λ33
2
hµν(x)
δXµν
δπ
(x)δπ(x) (5.13)
− |Det[η +Π]|MpΛ
3
3
2Mf
vµν(x+ ∂π/Λ33)
δY˜ µν
δρ
(Φ(x))δπ(x)
]
.
In this form we can then argue that the coefficient of δπ(x) vanishes to give the equation
of motion.
Following through these steps in detail we obtain the equation
3∑
n=1
βˆn
(3− n)!(n− 1)!
[
Rµνh ab(x)ε
ab..εµν..(η +Π(x))
n−1η3−n− (5.14)
|Det[η +Π]|Rµνv ab(x+ ∂π/Λ33)εab..εµν..ηn−1([η +Π(x)]−1)3−n
]
where Rµνhab(x) is the linearized Riemann curvature of hµν/Mp and R
µν
v ab(x) is the same
for vµν(x)/Mf .
Putting all this information together, and plugging in the background solution, the
equations of motion in the decoupling limit imply the background Friedmann equations
H2 =
1
3M2p
ρ+
3∑
n=0
βˆn
(3− n)!n!
(
b
a
)n
, (5.15)
H2f =
M2p
M2f
3∑
n=0
βˆn+1
(3− n)!n!
(
b
a
)(n−3)
, (5.16)
together with the equation of motion for π¯ which becomes(
2∑
n=0
βˆn+1
(2− n)!n!
(
b
a
)n+1)(
H2
b2
− H
2
a
a2
)
= 0 . (5.17)
These are in fact the exact equations, reflecting again the fact that the decoupling
limit captures all the relevant features of the full cosmology.
This leads to two branches of solutions, the normal one which we have dealt with
in the main text for which we set(
H
b
− Hf
a
)
= 0 , normal branch (5.18)
(branch 2 in the language of [25]) and a ‘alternative branch’ which comes from choosing(
2∑
n=0
βˆn+1
(2− n)!n!
(
b
a
)n+1)
= 0 , alternative branch (5.19)
(branch 1 in the language of [25]). However, as we shall see shortly, the alternative
branch is infinitely strongly coupled due to the fact that the vector kinetic term vanishes
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(see also [25]). This is consistent with the result found in massive gravity [95]. This
means that this branch of solutions should be discarded as it does not lie within the
regime of the effective field theory.
Now, consider perturbations about this background solution expressed in the fol-
lowing manner
hµν(x) = h¯µν(x) + δhµν(x) , vµν(x) = v¯µν(x) + δvµν (x) ,
π(x) = π¯(x) + δπ(x) , δρ(bx/a) = −δπ(x) , Bµ(x) = 0 + δBµ(x). (5.20)
Beginning with the action for the helicity-2 mode coupled to the helicity-0 mode ex-
panded to second order, we have
S
(2)
helicity−2/0 =
∫
d4x
[
−1
4
δhµν Eˆαβµν δhαβ −
1
4
δvµν Eˆαβµν δvαβ
− Λ
3
3
4
4∑
n=0
βˆn
(3− n)!(n− 1)!
(
b
a
)n−1
[εε δh δΠ η η]
− Λ
3
3
4
4∑
n=0
βˆn
(3− n)!(n− 2)!
(
b
a
)n−2 [
εε (∂∂h¯) δΠ η
]
δπ
− Λ
3
3Mp
4Mf
4∑
n=0
βˆn
(3− n)!(n− 1)!
(
b
a
)3−n
[εε δv δΣ η η]
− Λ
3
3Mp
4Mf
4∑
n=0
βˆn
(2− n)!(n− 1)!
(
b
a
)2−n
[εε (∂∂v¯) δΣ η] δρ
]
. (5.21)
Here β0 and β4 are nonzero and are fixed by the tadpole cancellation requirement,
i.e. the requirement that the two de Sitter spacetimes are solutions in the absence of
matter:
H2 =
3∑
n=0
βn
M2p (3− n)!n!
(
H
Hf
)n
, (5.22)
H2f =
3∑
n=0
βn+1
M2f (3− n)!n!
(
H
Hf
)n−3
. (5.23)
We then choose to diagonalize as
δhµν(x) = −Λ33
4∑
n=0
βˆn
(3− n)!(n− 1)!
(
b
a
)n−1
ηµνδπ(x) + δhˆµν(x) , (5.24)
and
δvµν(x) = −Λ33
Mp
Mf
4∑
n=0
βˆn
(3− n)!(n− 1)!
(
b
a
)3−n
ηµνδρ(x) + δvˆµν(x) . (5.25)
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These diagonalizations decouple the helicity-2 mode from the helicity-0 mode, and give
an action of the schematic form (after integration by parts)
S
(2)
helicity−2/0 =
∫
d4x
[
−1
4
δhˆµν Eˆαβµν δhˆαβ −
1
4
δvˆµν Eˆαβµν δvˆαβ −
µ1
2
(∂π)2(x)− µ2
2
(∂ρ)2(x)
]
,
(5.26)
where the constants µi depend on the βn, b/a and H and Hf . At this point we change
the dummy variables from x→ (b/a)x in the final term to give
S
(2)
helicity−2/0 =
∫
d4x
[
−1
4
δhˆµν Eˆαβµν δhˆαβ −
1
4
δvˆµν Eˆαβµν δvˆαβ −
µ1
2
(∂π)2(x)− b
4µ2
2a4
(
[∂ρ]
(
b
a
x
))2]
,
(5.27)
which on using δρ(bx/a) = −δπ(x) gives
S
(2)
helicity−2/0 =
∫
d4x
[
−1
4
δhˆµν Eˆαβµν δhˆαβ −
1
4
δvˆµν Eˆαβµν δvˆαβ −
1
2
(
µ1 + µ2
(
b
a
)2)
(∂π)2
]
.
(5.28)
This finally gives the bound as
µ1 + µ2
(
b
a
)2
≥ 0 , (5.29)
which is equivalent to the derived relation
m˜2
(
H2 +
M2pH
2
f
M2f
)
− 2H4 ≥ 0 . (5.30)
5.2 Generalization to FRW on FRW
Although we will not carry through the full details, this analysis may easily be extended
to generic spatially flat FRW background metrics. The appropriate ansatz is (this is in
a different gauge than the de Sitter case but, since the action is invariant under linear
diffs, it will give the same result on de Sitter)
h¯µνdx
µdxν = −Mp
2
H2~x2d~x2 +Mp(H˙ +H
2) ~x2dt2 , (5.31)
and
v¯µνdx
µdxν = −Mf
2
H2f~x
2d~x2 +Mf(H˙f +H
2
f ) ~x
2dt2 . (5.32)
The appropriate ansatz for π is
π(~x, t) = C(t) +
Λ33
2
(
b(t)
a(t)
− 1
)
~x2 +O(~x4) . (5.33)
By substituting this ansatz into
Eˆαβµν hαβ = Λ33Xab . (5.34)
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and using our knowledge of the background Friedmann equations, we will see that C(t)
depends on both b/a, H˙ and H2.
Fortunately we do not need to know C(t). It is straightforward to see that the
H˙ and H˙f dependence will not affect the resulting coefficient of the kinetic term for
π. The reason is that due to the ε structure, only h¯ij , v¯ij and Π¯ij couple to the terms
with two time of derivatives of δπ. But, since h¯ij and v¯ij do not contain H˙ and H˙f ,
they do not affect the kinetic term. This gives a simple explanation of the result
first observed in [57] that the bound on FRW is identical to the bound on de Sitter.
In fact, it is the same structure that makes massive gravity and bigravity ghost-free
that guarantees this result. Of course, the gradient terms are modified by H˙ and
so an important question to address is whether there exist any gradient or tachyonic
instabilities. In [25] it was pointed out that there can exist a Jeans like instability in the
scalar sector at sub-horizon scales. In practice this means that the short wavelength
scalar fluctuations will become strong coupled and cannot be treated using linearized
perturbation theory. It should be possible to use the decoupling limit theory to analyze
what happens to them. Suffice to say that during any quasi-de Sitter period H˙ ≪ H2
gradient instabilities are not a concern. Notice also that the dS result of [25], although
expressed in a different fashion, is compatible with the one obtained here.
5.3 Vector modes
One immediate advantage of using the decoupling limit derivation is that we can also
address the question of bounds coming from the stability of the vector and tensor
modes. The tensor modes are always manifestly stable as the diagonalized tensor sector
is identical to two copies of linearized GR. The vectors on the other hand deserve some
attention. Since there are no vectors turned on in the background, the relevant part
of the action is
Shelicity−1/0 = − βˆ1
4
δµνρσabcd
(
1
2
Gaµω
b
νδ
c
ρδ
d
σ + (δ + Π¯)
a
µ[δ
b
νω
c
ρω
d
σ +
1
2
δbνδ
c
ρω
d
αω
α
σ]
)
− βˆ2
8
δµνρσabcd
(
2Gaµ(δ + Π¯)
b
νω
c
ρδ
d
σ + (δ + Π¯)
a
µ(δ + Π¯)
b
ν [ω
c
ρω
d
σ + δ
d
σω
c
αω
α
ρ]
)
− βˆ3
24
δµνρσabcd
(
(δ + Π¯)aµ(δ + Π¯)
b
ν(δ + Π¯)
c
ρω
d
αω
α
σ + 3ω
a
µG
b
ν(δ + Π¯)
c
ρ(δ + Π¯)
d
σ
)
.
Since the background Π¯ is diagonal (to lowest order in ~x in FRW case) we can easily
invert for ωab = Gab/(2 + Π¯
a
a + Π¯
b
b). The kinetic terms for Bi come entirely from
G0i = ∂tBi− . . . and so to keep track of the sign if the kinetic term, we need only keep
track of combinations that are quadratic in the pairs G0i and ω0i.
Focusing on only these terms we have (temporarily suspending Einstein summa-
tion convention)
Shelicity−1/0 = 2
(
2∑
n=0
βˆn+1
(2− n)!n!
(
b
a
)n)∑
i
(
G0iω0i − 1
2
ω20i(2 + Π¯
i
i + Π¯
0
0)
)
+ . . .
(5.35)
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where we have used 1 + Π¯ii = b/a. Integrating out ω0i gives
Shelicity−1/0 =
(
2∑
n=0
βˆn+1
(2− n)!n!
(
b
a
)n)∑
i
(G0i)
2
(2 + Π¯ii + Π¯
0
0)
+ . . . (5.36)
Since we always require the eigenvalues of 1+Π to be positive definite for invertibility of
the coordinate transformation between the two metrics we always have (2+Π¯ii+Π¯
0
0) > 0.
Thus the condition for the absence of ghosts in the vector sector is simply(
2∑
n=0
βˆn+1
(2− n)!n!
(
b
a
)n)
> 0 (5.37)
which is equivalent to the statement that
m˜2(H) > 0 . (5.38)
This is a weaker condition that the generalized Higuchi bound, and is thus always
satisfied whenever the generalized Higuchi bound is satisfied. For instance if all the
βˆn are positive it is guaranteed to be satisfied. We stress that this condition is not
specific to de Sitter but works for any FRW geometries. It is precisely this condition
that allows us to discard the branch of solutions given in Eq. (5.19).
6 Partially Massless (Bi)Gravity
In de Sitter spacetime, the spin-2 unitary representations of the de Sitter group split
into 3 categories, the massless graviton m2 = 0 with 2 d.o.f., the massive gravitons
with m2 > 2H2 with 5 d.o.f., and an additional representation m2 = 2H2 which carries
only 4 degrees of freedom. This is known as the partially massless graviton [65–78].
As in the massless case, the field theory for the linear partially massless representation
admits an additional symmetry which removes the 5th degree of freedom. The partially
massless representation saturates the Higuchi bound in de Sitter.
In [74] it was suggested that the dRGT model of massive gravity with a de Sitter
reference metric could, for a special choice of the parameters in the potential (βn) act as
a candidate for a consistent nonlinear interacting theory of a single partially massless
graviton. This conjecture was further extended to bigravity in [77]. These are what
we refer to as the candidate partially massless (bi)gravity theories.
Unsurprisingly, the bigravity and massive gravity cases are connected. The par-
tially massless bigravity is defined by the choice β0 =
3
2
M4p/M
2
f , β2 = M
2
p , β4 =
3
2
M2f ,
β1 = β3 = 0. Explicitly, the action for partially massless bigravity is given by [77]
L = 1
2
[
M2p
√−gR[g] +M2f
√
−fR[f ]−m2√−g
(
3
M4p
M2f
U0 +M2p U2(X) + 3M2f U4(X)
)]
,
(6.1)
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where X =
√
g−1f . In this representation there are two different Planck masses. We
may also choose to rescale one of the metrics as g →Mf g˜/Mp so that
L = M
2
f
2
[√
−g˜R[g˜] +
√
−fR[f ]−m2√−g(3U0(X˜) + U2(X˜) + 3U4(X˜))
]
, (6.2)
where X˜ =
√
g˜−1f . To emphasize the duality between the metrics, we may use the
properties of the symmetric polynomials to write this as
L = M
2
f
2
[√
−g˜R[g˜] +
√
−fR[f ]−m2
√
−f(3U0(Xˆ) + U2(Xˆ) + 3U4(Xˆ))
]
, (6.3)
where Xˆ =
√
f−1g˜. Although (6.2) and (6.3) are simpler, we choose to work in the
asymmetric representation (6.1) with two different Planck masses so that we may more
easily see the Mf/Mp →∞ decoupling limit to massive gravity.
For partially massless bigravity, one combination of the scale factors becomes pure
gauge. This is the extra symmetry that must arise in the partially massless case. The
Friedmann equation for the f metric is given by
H2fM
2
f =
1
2
m2M2p
(
H2f
H2
+
M2f
M2p
)
. (6.4)
As already mentioned in the introduction, given this equation, the generalized Higuchi
bound is saturated. This is remarkable since it is true for any FRW (i.e. it is indepen-
dent of H˙), and for any matter content coupled to the g metric. The saturation of the
bound is the indication that the kinetic term for the helicity-0 mode vanishes which is
a necessary requirement for the existence of the partially massless theory.
By taking the limit Mf → ∞ for fixed Mp and H we see that this equation
becomes simply
H2f = m
2/2 , (6.5)
which is the usual Higuchi condition imposed on the reference metric. Thus in the
Mf/Mp → ∞ decoupling limit, the proposed partially massless bigravity of [77] be-
comes equivalent to the proposed partially massless gravity of [74]. This decoupling
limit is well defined at the level of the action and the equations of motion. To see this
at the level of the action, we begin with the partially massless bigravity action in the
asymmetric representation
L = 1
2
[
M2p
√−gR[g] +M2f
√
−fR[f ]−m2√−g
(
3
M4p
M2f
U0 +M2p U2(X) + 3M2f U4(X)
)]
.
We have seen from the Friedmann equation that we can consistently take the limit
Mf → ∞ so that the f metric asymptotes to de Sitter with Hubble constant H2f =
m2/2. We generalize this by expressing fµν = f
dS
µν + vµν/Mf where f
dS
µν is de Sitter
with Hubble constant H2f = m
2/2. vµν denotes a perturbation around the de Sitter
metric. Any metric f may be expressed in a locally inertial de Sitter frame so that
within a region of size 1/
√
δR(f) the metric takes this form. Plugging this expression
– 30 –
into the action we can take the limit Mf → ∞ after subtraction of a non-dynamical
total derivative term. The resulting theory is
lim
Mf→∞
(
L − 1
2
M2f
√
−fdSR[fdS ] + 3
2
m2M2f
√
−fdS
)
=
1
2
[
M2p
√−gR[g]− 1
2
vµν(EˆdSv)µν −m2
√−gM2pU2(XdS)
]
, (6.6)
where XdS =
√
g−1fdS and EˆdS is the Lichnerowicz operator on the de Sitter reference
metric fdS, EˆdS = −12fdS + . . . . Thus we see that the Mf/Mp → ∞ decoupling limit
of partially massless bigravity is precisely equivalent to partially massless gravity and
a decoupled massless graviton living on the reference de Sitter metric. The same limit
may be taken at the level of the equations of motion where we find the same result.
The latter of course follows from the fact that the limit is well defined at the level of
the action.
Unfortunately both this result and the result of Section 4 rule out the conjectured
partially massless bigravity for the same reasons as given in [78] (see also [76] and [96]).
Even keeping the ratio of the two Planck scales fixedMf/Mp, the Λ3 decoupling limit of
partially massless bigravity gives the same helicity-1/helicity-0 interactions as partially
massless gravity. It is consistent to take this limit because even though m → 0, the
Higuchi bound is not violated in the limit since we also scale H2 ∼ R ∼ 1/Mp ∼ m2.
The helicity-1/helicity-0 interactions are not affected by the dynamics of the second
metric since the additional degrees of freedom represented by vµν are weakly coupled
in this limit. The problem interactions in the candidate partially massless theories are
the same in bigravity and massive gravity
Shelicity−1/0 = −1
8
δµνρσabcd
(
2Gaµ(δ +Π)
b
νω
c
ρδ
d
σ + (δ +Π)
a
µ(δ +Π)
b
ν [ω
c
ρω
d
σ + δ
d
σω
c
αω
α
ρ]
)
(6.7)
where
ωab =
∫
∞
0
du e−2ue−uΠa
a′
Ga′b′e
−uΠb
′
b , (6.8)
is the solution of
Gab = ∂aBb − ∂bBa = ωac(δ +Π)cb + (δ +Π)acωcb . (6.9)
There are no additional free parameters to adjust the cofficients of the interactions.
The conjectured symmetry of partially massless (bi)gravity requires that the helicity-0
mode becomes pure gauge so that there are only 4 (in massive gravity) or 4+2 (in
bigravity) dynamical degrees of freedom. However as argued in [78] the presence of
helicity-1/helicity-0 interactions negates this. In a nonzero background field for Gab a
kinetic term will be generated for π and there will be 5 or 5+2 propagating degrees of
freedom. This implies that there is no hidden symmetry (it is essentially an accident
of the linearized theory around backgrounds which contain no vector perturbations).
It is plausible that there exists a modification to the kinetic term of the conjectured
partially massless theories that resolves this issue.
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7 Conclusions
In this work we set out to provide a simple and consistent derivation of the stability
condition on the kinetic term of the helicity-0 mode in ghost-free massive gravity and
bigravity theories, when both metrics are spatially flat FRW. First, we confirmed the
realization [57] that exact spatially flat FRW solutions in massive gravity with an FRW
reference metric are ruled out on the basis of combined and, as it turns out, conflicting
inequalities stemming from stability and observational constraints. This is what we
call the Higuchi vs Vainshtein (H-V) tension characterizing a natural set of candidate
cosmological solutions for massive gravity.
We want to stress again that, although these solutions are appealing due to their
simplicity, they are not the only way to achieve approximately FRW solutions in mas-
sive gravity [48]. As such, this result does not in any way represent the last word on
cosmological solutions in massive gravity. What we have ruled out is one specific idea
of how to achieve a realistic cosmology in massive gravity.
One of the possible escape routes from the H-V tension, one that does not require
us to part from spatially flat FRW solutions, is represented by a closely related exten-
sion of massive gravity, ghost-free bigravity. We considered the generalization of the
Higuchi bound to the known spatially flat FRW solutions in bigravity. Interestingly, we
have found that in bigravity theories it is indeed possible to relax the stability bound
is a way that does not conflict with observational constraints because of the way the
bound is modified:
m˜2(H)
[
H2 +
H2fM
2
p
M2f
]
≥ 2H4. (7.1)
One can now choose to live in the Hf/H ≫ Mf/Mp region of the parameter space
and this condition alone will satisfy the stability bound by virtue of the Friedmann
equation for Hf . No further constraint on the dressed mass m˜ or the bare mass m is
implied.
We have provided two independent non-trivial checks of our result, obtaining the
stability bound by building on a detailed analysis of the properties of the minisuper-
space action and, later, by considering the powerful Λ3 decoupling limit of massive
gravity and bigravity which, in the bigravity case, we derive here for the first time
explicitly. Using the decoupling limit, we find that the vector modes are automatically
stable whenever the above bound is satisfied.
Our derivation of the decoupling limit for bigravity has also led us to uncover a
dual formulation of Galileons. In retrospect, we can easily say why this duality exists.
It follows from the f ↔ g symmetry of bigravity. In dRGT massive gravity Galilean
interactions (the ubiquitous π field) are identified as the helicity-0 mode in the map
relating the g and f metric coordinate system. Associated with this map is an inverse
map which can be used to define the dual Galileon. The dual Galileon describes the
way Galileons are seen from the perspective of the f metric. We have shown here the
existence of a non-local field redefinition that relates the Galileon π to its dual Galileon
field ρ. We discuss the duality in more detail in [82].
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We provide yet another check on our result on the generalized stability bound by
means of the partially massless bigravity theory. The latter is special in that, owing
to a specific choice on the value of the βn coefficients (the same as in PM gravity)
the stability bound is always saturated, irrespective of matter content, and the two
Friedmann equations are degenerate implying that one of the scale factors becomes
pure gauge. We verified that, upon using the f metric Friedmann equation in the
PM limit of the bigravity stability bound, the inequality turns into an identity which
is independent from both H,Hf . This then represents another non-trivial check on
the generalized stability condition we unveiled. Unfortunately, we find that using the
bigravity decoupling limit, the candidate partially massless bigravity models suffer the
same problems in the vector sector as the candidate partially massless gravity, a fact
which seems to preclude their existence, at least in their presently proposed form.
In summary, the study of stable and viable cosmological spatially flat FRW solu-
tions for ghost-free models of massive (bi)gravity has lead us to a generalized stability
bound for these theories and has further pointed us towards uncovering and studying
a dual formulation of Galileons which certainly deserve further investigation [82].
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Appendix: Fluctuations in de Sitter Bigravity
In this article we have derived the analogue of the Higuchi bound in for FRW geometries
for both massive gravity and bigravity. The most immediate way to our result, is to
specialize to the case of linear fluctuations around de Sitter for both metrics. This
argument is not as general as our previous results, and it gives little insight into the
physics of the Vainshtein mechanism. Nevertheless, we present the analysis here to
give an independent check on our calculations.
Beginning with the vierbein form of the bigravity Lagrangian
Sbigravity =
M2p
2
εabcd
∫
1
2
Ea ∧ Eb ∧ Rcd[E] + M
2
f
2
εabcd
∫
1
2
F a ∧ F b ∧ Rcd[f ]
− m
2
2
εabcd
∫ [
β0
4!
Ea ∧ Eb ∧ Ec ∧ Ed + β1
3!
F a ∧ Eb ∧ Ec ∧ Ed
]
− m
2
2
εabcd
∫ [
β2
2!2!
F a ∧ F b ∧ Ec ∧ Ed + β3
3!
F a ∧ F b ∧ F c ∧ Ed
]
. (7.2)
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we perturb each vierbein around the vierbein for de Sitter V a with Hubble constant
H so that the de Sitter metric is ds2 = V aµ V
b
ν ηabdx
µdxν according to
Eaµ = V
a
ν
(
δνµ +
1
2Mp
hνµ
)
(7.3)
F aµ =
H
Hf
V aν
(
δνµ +
1
2Mf
Hf
H
wνµ
)
(7.4)
Then to second order in perturbations we have
S =
∫
d4x
√−V
(
−1
4
hµν EˆdShµν − 1
4
wµν EˆdSwµν
−1
8
F1(hµνh
µν − h2)− 1
4
F2(hµνw
µν − hw)− 1
8
F3(wµνw
µν − w2)
)
(7.5)
where EˆdS is the Lichnerowiz operator on the de Sitter metric with Hubble H and we
raise and lower indices with respect to the same metric.
The coefficients are given by
F1 = 3m
2H2 − m
2
M2p
∑
n
βn
(2− n)!n!
(
H
Hf
)n
, (7.6)
F2 = − m
2
MpMf
∑
n
βn
(3− n)!(n− 1)!
(
H
Hf
)n−1
, (7.7)
F3 = 3m
2H2 − m
2
M2f
∑
n
βn
(4− n)!(n− 2)!
(
H
Hf
)n−2
. (7.8)
The term 3m2H2 arises from the Einstein-Hilbert term, and is the one that is usually
cancelled against the cosmological constant in GR. In the present case β0 and β4 (here
nonzero) are fixed by the tadpole cancellation requirement, i.e. the requirement that
the two de Sitter spacetimes are solutions. These can be inferred from the Friedmann
equations
H2 =
3∑
n=0
βn
M2p (3− n)!n!
(
H
Hf
)n
, (7.9)
H2f =
3∑
n=0
βn+1
M2f (3− n)!n!
(
H
Hf
)n−3
. (7.10)
Using these for β0 and β4 values and substituting back in we obtain
F1 = m˜
2(H) , (7.11)
F2 = −Mp
Mf
Hf
H
m˜2(H) , (7.12)
F3 =
M2p
M2f
H2f
H2
m˜2(H) . (7.13)
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where we have used the same definition of dressed mass as in the main text. These
satisfy the zero mass eigenvalue condition F1F3−F 22 = 0. The non-zero mass eigenvalue
is given by
m2eigen = F1 + F3 = m˜
2(H)
(
1 +
M2p
M2f
H2f
H2
)
. (7.14)
Demanding the normal Higuchi conditon m2eigen ≥ 2H2 gives the result derived in the
text
m2eigen = m˜
2(H)
(
1 +
M2p
M2f
H2f
H2
)
≥ 2H2 . (7.15)
Let us stress again though that the result in the main text is far more general, since it
is valid for FRW geometries and arbitrary matter content.
For the self-accelerating stable branch described in the Section 3.2 we have
m2eigen ∼ 3H2 , (7.16)
for all times. Thus the physical mass of the massive graviton mode always remains
close to the Hubble scale at a given time, in such a way as to ensure the bound is
satisfied.
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